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Maintenance of transient chaos using a neural-network-assisted feedback control
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A stable period-3 orbit in the parametric vicinity of a chaotic attractor is destabilized using two distinct
feedback strategies. This results in the inception and subsequent maintenance of the otherwise short-lived
chaotic transients. Both the techniques employed are based on the exclusion of trajectories from the near
vicinity of the open loop stable period-3 attractor; the first relies on the traditional proportional feedback
method while the second one includes a predictive term enabling delimitation of exclusion zones for the system
dynamics. The implementation of these strategies involves construction of appropriate reference models in the
form of an artificial-neural-network approximator.
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I. INTRODUCTION II. MODEL SYSTEM AND CONTROL STRATEGIES
It was generally believed that chaotic behavior is detri- A- Numerical model
mental to the system performance. It may produce undesir- We apply chaos anticontrol to a model for agueous elec-
able vibrations, irregular operation, and fatigue in mechani{rochemical corrosiof12,13 described by three dimension-
cal systems. It could risk secure operation of chemical€SS differential equations:
systems due to uncontrolled temperature variations. The pa-

per on chaos control by Ot al.[1] was, therefore, received Y=p(1=0on~ o) —qY, @
with immense enthusiasm by the scientific community. The .
Ott-Grebogi-Yorke technique and its various variations were Oon=Y(1—Oon— 0o) —[exp(— BOon) + 1100k
subse_quently u_tilize_d to tame chaotic dynamics in numerous +2800(1— op— 0o), )
experimental situationf2—6).
It was soon realized that some systems require chaos/ .
0o=r0on—Sbo(1— bon—0o). )

complexity for optimum functioning. For example, it is sug-
gested that pathological destruction of chaotic dynamics ma
be implicated in certain types of brain seizuf@sand heart

failures[8]. Moreover, complexity is indeed advantageous in
fluid mixing [9] and heat and mass transfer in some chemicafI

and biochemical applications. These c0n5|de_rat|ons MOtlgetermined by chemical reaction rates in the model. Previous
vated the work of Yangt al.[10] where they achieve chaos , merical studie§13] have shown that this model exhibits

anticontrol(preservir_ng chagsn ad_i_scre_et map system. This_period-s dynamics for parameter sép, q,r, s, B} at
concept was experimentally verified in the magnetoelastltﬁr\z_o>< 1074, 1.0x10°3, 2.0x10°5 9.8x10°5, 5.0 and
ribbon system[11]. Subsequent to these reports, work in- geterministic chaos in the parametric vicinity. We numeri-
volving maintenance of chaos has been more or less dogally integrate these equations using a Runge-Kutta algo-
mant. rithm. In the actual potentiostatic electrochemical experi-
In this paper we revisit the problem of chaos anticontrolmentss could be related to the experimentally accessible
by implementing the strategy to a numerical model simulatanodic potential. The set-poinsd) is in the period-3 win-
ing electrochemical corrosiofil2,13. An artificial-neural-  dow of the bifurcation diagranmicomputed fors) where
network(ANN) reference model is constructed to predict theshort-lived chaotic transients are observed due to the para-
location of the stable periodic orhiperiod 3. This enables metric proximity to chaotic behavior. To make the simula-
one to tune the feedback applied and consequently stabilizgons realistic, control strategies will be tuned based upon a
the systems dynamics on chaotic transients that are otherwiseference model constructed using a time series generated by
short lived. The paper is organized as follows. In the follow-the model and fed to a neural-network approximator, much
ing section, we discuss briefly the model system and the twin the same way as one would apply this strategy to a real
control algorithms used. In Sec. lll, the ANN predictor is experiment. Consequently, the ANN approximator takes the
described and representative results are presented. Finalfgrm of a next-maximum magNMM). That is, we seek a
we offer a brief conclusion regarding the obtained results. reduced representation of the dynamics that will allow us to

¥he variablesy and 65y represent the fraction of the elec-
trode surface covered by two different chemical species,
hile Y represents the concentration of metal ions in the
ectrolytic solution. The parameteps q, r, s, andg are
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predict the maximum amplitude of the oscillations basedhus,d is obtained using the Euclidean definition of the dis-
upon a previous maximum for a given parameter setting. Théance as
map we seek is of the form 5

d: [( GOHmax k_ GOHmax k a?

S) ! (4) )2] 1/2_

=f(6 ;
(00t +(Oon — bon

00Hmax k+l_

(6)

wherefoy, ., andfoy, ., ., @€ WO successive maxima of nepenging on the difference betwetandr ., one can have
the fraction of the electrode covered by the metal hydroxidehe following situations.

film (related to the observable anodic current in real experi- (1) If the current point coincides with the perimeter of the
ments ands is the accessible control/bifurcation parameter.control region (r.=d), or lies outside thecontrol region

there is no control action,

max k+1 max k+1 at

B. Control algorithms 5
) ) ) S=sSpta(rg—rg)=sp.
Since the control feedback is occasional, the “enhance-

ment” of the chaotic behavior is achieved without changingTherefore the parameter value does not change

the underlying dynamics of the system. Initially a perturba-  (2) If the current point lies within theontrol region i.e.,
tion is employed to “pull out” the system from the period-3 o<d<r, then the control action depends on the magnitude
attractor subsequent to which the parameter is returned to it§ d. The closer the current point is to the center of the
original settlng. The dynamics of the system are then allpwe@omrm region(the point of the period-3 attractothe stron-

to evolve until they approach the naturally stable period-3yer is the perturbation to the parameter.

orbit, thereby requiring another perturbation spike to main- (3) If the current point lies exactly on the period-3 attrac-
tain the chaotic transients. We implemented chaos anticontrgpy point used to define theontrol region(i.e., in the center
using two different strategiesa) a “simple” proportional  of such regioh then d=0 and the maximum possible
feedback control and(b) a feedback-feedforward control. change in the parameter is applied,

Both schemes involve “occasional” manipulation of the ac-

cessible control parameter S=5p+ a(r§)=so+A Smax-

1. Proportional feedback control The maximum allowed change in the parametes,,,,, can
Using the reduced NMM moddEq. (4)] as the basis, a be set based upon the behavior around the period-3 attractor

control policy involving locatior(prediction of the period-3 ~2nd the value of,. Although, this maximum change does

orbit in the NMM map is implemented. The location of this not have any intrinsic restriction, one should set it to move
attractor is used to define a small region of radigssur- the system towards the desired chaotic dynamics. The algo-

rounding one of the three points that compose the attractoﬂthm is devised such that the parameter always returns to the
This region will be demarcated as thentrol region reference values, when the system is forced outside the

The feedback control involves perturbing the paramster qontrol region The perturbation is applied only for a short
every time the coordinates of two consecutive maxima of théMe SPan and hence the system mostly executes its natural
dynamical system form a point that lies within tbentrol ~ dYnamics.
region This perturbation will be proportional to the differ-
ence between the radius of tleentrol regionand the dis-
tance of the current point to the attractor point. In this man- This control strategy uses the ANN model of the system
ner, we seek to “destabilize” the period-3 attractor, by to predict if the trajectory will enter theontrol region (as
preventing the system from reaching it. This proportionaldefined earlierin the near future. Therefore, this strategy
feedback maintains the system dynamics on the chaotic tramlows for a better exclusion of the trajectories from tos-
sients. The control action is implemented according to thérol region.
following equation: At each iteration(i.e., at every maximum of the trajec-

tory) the ANN predicts the behavior of the system for the
s= so+a(r§—d2), (5) next three maxima. If the third predicted maximum enters
the control region the control applies a corrective action

wheresis the manipulated parameteg, is the nominal value ~ 2nticipating such an occurrence; in addition, if the present
(set poini of the parameter. is the radius of thecontrol point lies w|th|n thecontrol region then a more severe ac-
region, d is the distance from the current point to the selectedion is applied,

central point of thecontrol region(one of the points of the _ > 2 2 2

period-3 attractor in the NMM reduced moylednd « is the $=sota(rg=dy +y(re—dy). (7)

proportional gain of the feedback control. This point is S€-Now d. is the distance from the current point to the center of
lected arbitrarily from the three points that constitute the Wy 1S 'S Y Pol

attractor. The location of this point is the contrpl regiop d, is the same distance but from the pre-
' dicted third maximum to the center of tkentrol regionand,

_ v is the proportional gain for the feedforward part of the

max k+1,at)’ control.

2. Feedback-feedforward control

( GOHmax k at’ 00H
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If the current and predicted points lie outside trentrol TABLE I. ANN training data indicating parameter value at
region then no control action is applied and the parametervhich the data were gathered, type of behavior observed, and num-
value is set to its nominal valug. If the control is active, bers of points from each of the two initial points.
one may have several cases.

The predicted value falls within theontrol region but the ~ Parameter Behavior Points Points
current value is outside theontrol region s=so+y(r2  value type from(8a) from (8b)
—dj). 9.62x10°° Period 1 12 12

The predicted falls outside tlwntrol region but the cur- g g5 1075 Period 2 16 19
rent value lies inside theontrol region s=sy+ a(r?2—d?). 97105 Period 4 21 100

Both the predicted and current value lie inside toatrol g ggg5¢10°5 Period 6 21 27
region Then one applies the full control acti¢kq. (7)]. 9.7030< 10-5 Chaos 100 0

For both control strategies, we included an estimation ofy 7195105 Chaos 100 0
the error by the ANN model in predicting the location of the 9.7360¢ 10-5 Chaos 100 0
period-3 attractofFig. 2). This error is larger for the values 9 7525¢ 10-5 Chaos 100 0
of s near the right of the parameter window where such be9 7690<10°5 Period 6 31 0
havior is observed. With the data plotted in this figure, W 2ae 105 Period 3 15 29
obtained, via linear interpolation, the error in the location of9 8020< 10-5 Period 3 15 -~
the predicted period-3 attractor. Subsequently we incorpo- i .
rated this estimate as a correction in the predictions of thg 8185¢ 10_ Period 3 15 0
ANN that is employed to calculate the control actions. This®-835%¢ 107 Period 3 15 0
enhances the performance of both controllers. 9.8515¢10"° Period 3 19 20

9.8680<10°° Period 3 14 0
9.8845< 10 ° Period 8 33 41
IIl. RESULTS AND DISCUSSION 9.9x10°5 Period 2 10 41

First we address the predictive capabilities of the ANN10X10° Period 2 13 14
model constructed, as well as its training. After this descrip10.1x10"° Period 3 20 0
tion, we present the results obtained using the control techt0.2<10° Period 1 15 12
niques presented in the preceding section. Totals 685 336

A. ANN model . . .
The data was gathered at irregular parameter intervals in

Among many techniques used to construct approximathe range betwees=9.62<10 ° ands=10.2<x10 °. The
tions of the nonlinear behavior observed experimentally inransients trajectorieén a NMM map forma} from the ini-
electrochemical systems, the artificial neural networks haveial points were also included in the training data. In some
been one of the most successful ofib4]. Here, we employ  cases(for chaotic behavigronly data from one of the two
one of the simplest and most widely used ANN configura-initial points was used. Table | summarizes the data used for
tions, a four-layer feedforward architect&5], in order to  the training, indicating the parameter value, the type of long-
construct a NMM map representation of the system thaterm behavior observed and the number of data points used
would serve as the basis to tune the feedback controller anidr each of the two initial conditions. The training set was
apply the feedback-feedforward controller described in thecomposed of a total of 1021 points.
preceding section. A similar ANN-model-based controller The ANN was trained using the well-known back-
strategy has been previously exploited by Otawara and Fagropagation rules. The ANN parameters were randomly as-
[16] to stabilize periodic orbits in the presence of chaoticsigned at the start of the training in the rarjge0.2,+0.2].
motion. The training was performed using a conjugate gradi€@)

The ANN has a standard feedforward architecture withalgorithm. Convergence was declared after 41 CG cycles us-
two 12-neuron hidden layers with sigmoidal activation. In-ing cross-validation techniques and a test (gkita not in-
puts and outputs are assigned according to the form of thgluded in the training sgt The average error was below
NMM model that one wishes to approximdtq. (4)]. The  1.29% of the active range of the variables in the training set.
ANN was trained with data obtained via simulation of the Taple Il shows the parameter values at which the test data
original set of ordinary differential equatiof®DES—E(Qs.  were collected and it also compares the type of long-term
(1)—(3)—that represent the system that serves as the basis pkhavior predicted with the observed type for the original set
the illustration described here. In an effort to make the simuof ODEs.
lations more realistic, we utilized only two sets of initial ~ The ANN model should be capable, as a minimum re-
conditions: quirement, of reproducing the location and stability of the

period-3 attractor over the entire parameter window of inter-
Y=0.105, 0o4=0320, 6o=0.1168, (84 gt This minimum requirement is fulfilled by the ANN con-
structed as can be appreciated in Fig. 1 in which we present
Y=0.114170, 6oy=0.264339, 6,=0.116420. the original and predicted behavior in the form of bifurcation
(8b) diagrams of the NMM map. These bifurcation diagrams only
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TABLE Il. Parameter values and types of behavior for the test 060
data used to declare convergence of the ANN training.
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o

Parameter Original Predicted ¢ Real model
value behavior behavior

0.50 —
9.66x10 ° Period 2 Period 2
9.685x107° Period 3 Chaos % on
9.72x 1075 Chaos Chaos 045~ ° —
9.84x10°° Period 3 Period 3 ° .
9.95<10°° Period 2 Period 2 a0l . ° J

4 ° 2 a a &

[ a 'y 2 ] 3 2

present the long term behavior observed for each paramete a0
value (transients are not includgd 978x10° 9.80x10° 9.82x10° 9.84x10° 9.86x10° 9.88x10°

With the ANN model, we estimated the deviations in the s
prEdl_Ctlon of the pe”Od'_g attractors. F_lgure 2. compares the FIG. 2. Comparison of the predictions of the period-3 attractor
location of the three pomts tha_t constltqte_ this attractor for-n the parameter range of interest.
the parameter values included in the training set. In genera\,
the prediction is fairly good, except for a couple of points.

From Figs. 1 and 2 one can conclude that the ANN is an
acceptable reference model for our system. It can predict The proportional feedback control seeks to apply a pertur-
reasonably the location of the period-3 solutions. We will usedation to the system parameterwhenever the dynamics
this model to tune the control parametépsoportional gains ~ drive the system to theontrol region(in the NMM repre-
and radius of theontrol region as well as the basis for the Sentation. Once the system leaves tieentrol region the
feedback-feedforward strategy. parameter is returned to its nominal operation vadgle

It needs to be mentioned that the construction of the ANN As an illustration of its application we seek to destabilize
model is independent of the model specifics making it inthe period-3 attractor observed s=9.8x 10"°. The ANN
general applicable to other model systems and experimentgtodel is used to predict the location of the period-3 points

B. Proportional feedback control

situations. under the NMM representation of the dynamics of the sys-
tem. In this case, the ANN predicts the attractor as located in
0.60 the following points:
0.5685431, 0.3701372,
0.55
050 0.3701372, 0.3923265,
eOH
045 0.3923265, 0.5685431.
0.40 T T T ! T U T v T
) .@’- s O Period-3 real model
055 :-:. \_" 0 Ezr;g{if ANN model
0.60 i ;
0.50 . . _
0.55 eOHmﬂxkﬂ r -' H
’ 045} It ' .
i ) N |
OOHO'SO 040 dl N .
L 1 S
045 <
035 —
0.40 = 0.30 | L | L | ' | L 1 L
’ 0.35 0.40 045 0.50 0.55 0.60
s 5 2 4 eOHmaxk
9.60x10 9.80x10° 1.00x10 1.02x10
s FIG. 3. Next-maximum-map representation of the trajectory of

the system under the feedback control fey=9.8x10°°, r,
FIG. 1. Bifurcation diagram for the original systeiop) and the ~ =0.02, anda= —0.005. In the figure, the real period-3 attractor is
ANN model (bottom). Besides the parametsivalues noted in the represented by empty circles, the predicted period-3 attractor by
figure, the remaining parameters of the original model were set adiamonds, and the trajectory of the system by the filled small
follows: p=2x10"%, q=1x10"%, r=2x10"° andB=5.0. circles.
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9.80x10”° .
i & O Period-3 real model
< Period-3 ANN model
0.551 i - Control
9.75x10° - H
: 0.50 -
eOH max k+1 [
S s 045 i
9.70x10° [~ i
0.40 - IS -
9.65x10° 1 H ©r
L] 035 -
s | L | 030 ' 0|35 ' 0110 ' OLS ' olso ' olss 060
9.60x10°" ¢ 10000 20000 30000 ' : ' ) ' :
eOHmaxk
T a)
a)
0.60 4 I T T T T T T
’ o o ® ™\ O Period-3 real model
| i 0.55 < Period-3 ANN model
- « Control
0.50 H -
0.50 -
eOH max k+1 [
0.40 — 0451 i
eOH /
0.30 0:401= ) 7
: . -
035 -
020 —
| ] 030 . | . | \ | . | . ] .
0.35 0.40 0.45 0.50 0.55 0.60
1 . ) . | . . . ! . ) ) 1 9
0.105 10000 20000 30000 OH%’“‘
T
b) FIG. 5. Effect of the controller's proportional gaifa) «

=—0.003 and(b) a=—0.007; in both cases,=9.8x10 ° and
FIG. 4. (a) Parameter perturbations afig) time series withs, r =002 (b) 0
.=0.02.

=9.8x107%, r.=0.02, ande= —0.005, for the system under the

feedback control. ] o ]
parameter to its original setting. The largest parameter

From these points, we selected the first onechange applied is approximately of X0 ® units of s.
(0.5685431,0.370 137 2) as the center ofc¢batrol region Figure 4b) shows the time series of the system that exhibits
Any one of the points could be selected. Similar results arestabilization of the system dynamics on otherwise short-lived
obtained for the other points as the center of dmmtrol  chaotic transients. The magnitude of the proportional gain is
region One should also select the radius of t@ntrol re-  very important in determining the performance of the con-
gion. This value is somewhat arbitrary, but it should be rela-troller. Together with the radius of treontrol region r., the
tively small (in comparison with the active range of varia- proportional gain determines the size of the perturbation ap-
tions of the maxima in the time series of the variablg,).  plied to the parameter. Figure 5 illustrates the effect of this
In this case we select a value igf=0.02, which is approxi- parameter over the performance of the controller for the
mately 4% of the active range of the maxima for the variablesame conditions as for Fig. 3. For Fig.abone observes a
OoH - periodic attractor, while for Fig. (), the attractor resembles

The value of the proportional gaim was found via simu- a piecewise chaotic motion. Note thatfor this figure was
lations using the ANN model. Figure 3 exhibits an examplevaried above and below the value used for Fig. 3 indicating
of the chaotic-like behavior found using the feedback controthat there exists a narrow range of values that one could use
with @= —0.005. The sign of the gain indicates the directionto enhance the chaotic motion. The ANN reference model
of the perturbation. The system is perturbed towards lowewas used to find this range of valugsune” the controller).
values ofs because the chaotic windows observed for suctsuch strategy would find relevance in implementing this type
values are larger and thus the system achieves more easity controllers to real experiments, one could easily bracket
the chaotic-like behavior. the range of values of the proportional gain appropriate to

The size of the perturbations applied to the paramster achieve the desired control of systems behavior.
are shown in Fig. é4). One can observe that the perturba- For «=—0.003, Fig. %a), the applied perturbation is not
tions are applied for a short time interval before returning theenough to drive the system to the chaotic window. Instead, it
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ﬂ . 5 O  Period-3 real model 9,8()><1()’5— — — —— — —— —
sk s by s <& Period-3 ANN model |
05 e t = Control

A R | 9.78x10° |- )
050 i - - I ]
8 L i S 1 s

OH max k+1 s
0.45 9.76x10” [~ ]

* s,
%
1

040 F -~ . 9.74x10° L

9.72x10° - .

0.30

| L | L | f | ' | s r
0.35 0.40 0.45 0.50 0.55 0.60 -5 L I o \ 1
9.70x10" ¢ 10000 20000 30000
eOH max k

FIG. 6. NMM trajectory illustrating the application of the
feedback-feedforward controller with=9.8X10°, r.=0.01, « 0.60
=—0.01, andy=—0.005.

appears that the system is driven towards another period-: %[
attractor. Since this new period-3 attractor falls outside the
control region no further perturbations are applied and the
system does not follow a chaotic motion. Fer —0.007,
Fig. 5(b), the perturbation is very large and the systems ap-°¢
pears to be driven towards the middle of the sequence o 030
period-doubling bifurcations that gives rise to the chaotic
motion. In this manner, the trajectory is moved towards what
appears a piecewise chaotic attractor or a very high perioc
orbit. -

0.40

020~ -

0 ' 0000 20000 30000
C. Feedback-feedforward control T

Results from Secs. Il A and Il B indicate that the propor- b)

tional feedback control succeeds in driving the system 10- g, 7. (a) Parameter perturbation histosyand (b) time series
wards a chaotic-like motion; however, it requires an accuratgyr the system under feedback-feedforward control veigh9.8
prediction of the period-3 attractor location, or to resort t0x10-5, r .=0.01, @=—0.01, andy=—0.005.
enlarging thecontrol region In order to refine the chaos
anticontrol/enhancement with smaller control regions, andychieves a complete exclusion of the trajectories from the
effectively prevent the system to reach the vicinity of the.qntrol region
period-3 attractor, it seems necessary to resort to a different
strategy. We propose the use of a feedback-feedforward con-
troller that takes full advantage of the availability of a pre-
dictive reference model in the form of an ANN approxima-  Our main goal was to devise control strategies to enhance
tor. The ANN is used to predict when the trajectory will the chaotic motion for parameter windows for which one
reach thecontrol regionand to apply an action to prevent would normally observe a period-3 stable attractor. We pro-
this from happening. With this type of controller, the radius pose two different strategies: one relying in feedback control
of the control regioncan be smaller than for the feedback- alone and a second that takes advantage of the availability of
alone controller. Figure 6 illustrates the application of thisa predictive reference model in the form of an artificial-
controller withr.=0.01 for the same conditions used for neural-network approximator. The implementation of both
Fig. 3. strategies is illustrated using a realistic model for electro-
With the feedback-feedforward, even though the proporchemical corrosion and relying on the next-maximum-map
tional gain is twice as large as for the feedback controllerrepresentation for the evolution of the system trajectories.
one observes that the perturbations applied to the paramet&he control action applied in both cases is proportional to the
are smaller, albeit more frequent. Figure 7 shows the parantdistance of the current point to one of the points that define
eter and time series resulting from applying this strategy fothe period-3 attractor. The ANN reference model is used to
the conditions of Fig. 6. The maximum perturbation appliedestimate such location, tune the controller parameters, and
to the parameter is approximately XQ0 6, about half as provide a preventive correction for the case of the feedback-
large as the perturbations needed for the feedback-alone cofeedforward strategy. The feedback strategy is easily imple-
troller. This controller with the correction term almost mented, and utilizes only two parameters: the radius of the

IV. CONCLUSIONS
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control regionand the gain of the proportional feedback ac- strategy results in a cleaner exclusion of the trajectories from
tion. Both parameters are straightforwardly tuned. Howeverthe control region and more significantly requires smaller
the “corrective” nature of the feedback action could translateperturbations to maintain transient chaos.

to an inefficient exclusion of the trajectories from tmntrol

region The feedback-feedforward strategy, on the other ACKNOWLEDGMENT
hand, requires the availability of an accurate reference model
and involves an additional controller paramejatoportional The authors acknowledge continuous support from the
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